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Abstract: Khan generalized the concept of Fuzzy metric space (In the sense of George and Veeramani) and introduced the notion
of Generalized fuzzy n-metric spaces. In this paper, we further investigate the properties of these generalized fuzzy metric spaces
and extend the Banach Fixed Point Theorem in this new framework. We also propose a vector image filter based on generalized
fuzzy metrics.

1. INTRODUCTION

Kramosil and Michalek [1] introduced the notion of a fuzzy metric space by generalizing the concept of a probabilistic metric space
introduced by K. Menger. George and Veer Amani [2], used the concept of continuous t-norms to modify this definition of fuzzy
metric space and showed that the topology for their new definition is Hausdorff () . These fuzzy spaces have important applications
in image filtering and quantum particle physics. In 1988, Grabiec [3] first defined the Banach contraction in a fuzzy metric space
and extended fixed point theorems of Banach and Edelstein to fuzzy metric spaces. Following this approach, Vasuki [4] generalized
Grabiec’s fuzzy Banach contraction theorem and proved a common fixed-point theorem for a sequence of mappings in a fuzzy
metric space Tanaka, Mizuno and Kado, 2005 [5]. Sharma [6] also extended some known results of fixed-point theory for compatible
mappings in fuzzy metric spaces. In 2002, Gregori and Sapena [7] introduced the notion of fuzzy contractive mapping and proved
some fixed-point theorems for complete fuzzy metric spaces in the sense of George and Veer Amani. Mihet [8] and Sedghi and
Shobe, 2006 [9] proposed a fuzzy Banach theorem for (weak) B-contraction in M-complete fuzzy metric spaces. There are several
generalizations of fuzzy metric spaces for more than two variables. Recently Khan generalized and studied the concept of
Generalized fuzzy n-metric space by combining the definition given by George and Veer Amani [10], with that of generalized n-
metric space. In this paper, we further investigate the properties of generalized fuzzy n-metric spaces and prove the famous Banach
fixed point theorem in this new framework Schweizer et al., 1960 [11]. Fuzzy metrics are found to be useful in color image filtering
techniques Gregori, Mifiana and Morillas, 2012 [12]. Morillas et al [13] replaced the classical metrics by fuzzy metrics (in the sense
of George and Veeramani) in constructing a variant of Vector Median Filter (VMF) . Recently Khan [14] proposed a more
generalized version of these filters using generalized fuzzy n-metric spaces. In this paper, we propose a vector filter based on Khan’s
proposal for color image processing.

Definition 1. A binary operation *: [0,1] x [0,1] = [0,1] is a continuous t-norm if it satisfies the following conditions:

* IS associative and commutative;

* |S continuous;

ax1=aforalla €[0,1];
a*b<cxdwhenevera<candb <d

foreach a, b, ¢, d € [0,1]. The examples of continuous t-norm are a * b = ab and a * b = min(a, b).

Definition 2. (George and Veeramani) A Fuzzy Metric Space is a triple (X, M,*) where X is a nonempty set, * is a continuous t-norm
and M: X X X x (0,) — [0,1] is a mapping (called fuzzy metric) which satisfies the following properties: for every x,y,z € X and
s,t>0

] M(x!y't) > 0;

] M(x,y,t) =1lifand only ifx = y;
[M(x,y,t) = M(y, x,t);

I1M(Qx,z,t +5) = M(x,y,t) * M(y,z2,5)

1 M(x,y,%):(0,0) - (0,1] is continuous.

Then M is called a fuzzy metric on X and M (x, y, t) denotes the degree of nearness between x and y with respect to ¢.
From now on, by a fuzzy metric M (x, y, t)We always means a fuzzy metric in the sense of George and Veeramani.

Example 3. Let X be a non-empty set and d is a metric on X. Denote a * b = a.b for all a, b € [0,1]. For each t > 0, define
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t
My(x,y,t) =m

Then (X, M,,*) is a fuzzy metric space. We call this fuzzy metric M, induced by the metric d the standard fuzzy metric.

We call a topological space (X, ) fuzzy metrizable if there exists a fuzzy metric M on X such that ¢ = t,,. George and Veeraman,
1994, showed that every fuzzy metric M on X generates a topology t,, on X. The family of open sets {B,,(x,r,t):x €X, 0 <r <
1, t > 0} forms a base for this topology Khan, 2012 [15], where By, (x,7,t) = {y € X: M(x,y,t) > 1 —r}foreveryr,0 <r <1
and t > 0. They also proved that this topological space is first countable and Hausdorff. Also, for a metric space (X, d), the
topology generated by d coincides with the topology t,,, generated by the standard fuzzy metric M, thereby indicating that every
metrizable topological space is fuzzy metrizable. Gregory and Romaguera [16], proved that the collection {U,,: n € N} is a base for
uniformity U,, compatible with t,;, where U,, = {(x,y): M (x, Y, %) > 1 —1/n} for all n € N. Hence the topological space

(X, T))S metrizable.

Definition 4. A 3-tuple (X, E,,*) is called Generalized Fuzzy n-metric space if X is an arbitrary (non-empty) set, * is a continuous
t-norm, and F, is a fuzzy set on X™ x (0, o) satisfying the following conditions for each x;, x,, ...x, € X and t,s > 0:

o | E,(x1,%xq,..., %1, %x5,t) > 0forall x;, x, € X withx; # x;

o | E(xy,%xq,...,%5,t) = F (x4, x5,..., X,, t) with the condition that at least two of the points x,, x5, ... x,, are distinct;
o | E,(xy,x5,...,x,t) =1ifand only if x; = x, = -+ = x,;

o JE,(xy,x5,...,x5,t) = Fn(xn(l), Xr(2)r -+ r X(n)» t) for every permutation  of {1,2,...,n};

° ] Fn(xlﬁxn+1' o Xngt t) * Fn(xn+1' X250 e s Xpy S) < Fn(xl' X2)0es Xpy t+ S);

o ] E,(x1,x3,...,%,,.):(0,00) - [0,1] is continuous.

Example 5. Let (X, G,,) be a Generalized n-metric space. Denote a * b = a.b forall a, b € [0,1]. For each t > 0, define

t

E,(x,%5,...,%,,t) = ———
n( 152 ren ) t+Gn (x1,X2,0Xn)

1)
for all x;, x5, ... x,, € R. Then (X, F,,*) is a Generalized fuzzy n-metric space.

Proposition 6. Let (X, F,,*) be a generalized fuzzy n-metric space. Then for x,y € X and t > 0, we have E,(x,y,y,...y,t) =
[E, (y, X%, .. X, n—il)]"‘1

Definition 7. Let (X, F,,*) be a generalized fuzzy n-metric space. A subset A of X is said to be F-bounded if there exists t > 0 and
r € (0,1) such that

E,(x1,%5,...,%,,t) > 1 —r forall x;,x,,...,x, EA 2

Definition 8. A generalized fuzzy n-metric (E,,*) on X is said to be stationary if F,, does not depend on t, i.e. for each x, x,, ..., x, €
X the function F,(x, x5, ..., x,, t) is constant.

Proposition 9. Let X be a closed real interval [a,b] and K > |a| > 0. Consider for each n = 1,2,... the function
FEM: X" x X" x..x X" x (0,00) - (0,1] given by EM™Lx2,..., 1", t) = [[L, it @T2 \Where  xJ =

[y

. . LT
(x),x},...,x}), j=12,..,rand t > 0. Then (X", E.™ «) is a stationary F-bounded Generalized fuzzy r-metric space, where
axb=a-bforalla,be[0,1].

Definition 10. Let (X, F,,*) be a Generalized fuzzy n-metric space. For t > 0, the open ball Br (x,, r, t) with center x, and radius
0 < r < 1is defined by

Bp(xo,1,t) ={y EX: (%0, ¥, ¥,...,7,t) > 1 -1} @)
Definition 11. A subset A of X is called an open set if for each x € A there existt > 0 and 0 < r < 1 such that Bz (x,r,t) c A.
2. MAIN RESULTS
Proposition 12. Let (X, F,,*) be a generalized fuzzy n-metric space.

If E,(e, %, T)>1—1r for x,%5,..., %, €EX, T>0,0<r<1, We can find a t, 0<t,<T such that
E (X1, %0, %, t0) > 1 —1.

Proof. Let t = Sup{t > 0: F,(x;, X;,...,%,,t) < 1—71}, then t > 0. Since E,(xy, x,, ..., X,, t) is nondecreasing with respect to t ,
hence
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F,(xy, %5, ..., X, t) > 1 —1 forall t > ¢t 4
Therefore T > t and there exists t, > 0 such that t < t, < T and $F_n(x_1,x_2,...x_n,t_ 0)\>1-r$. O
Proposition 13. Every open ball in a Generalized fuzzy n-metric space is an open set.

Proof. Let (X, F,,*) be a generalized fuzzy n-metric space. Consider an Oopen ball Bz (x,r,t). Let y € Bg(x,r,t), hence we have
E,(x,y,...,y,t) > 1 —r. We shall show that there exists R > 0 and T > 0 such that

Br(y,R,T) c Bp(x,1,t) (5)

By Proposition 12, there exists ty, 0 < t, < t, such that F,(x,y,...,y,to) > 1 —r. Let F,(x,y,...,y,t,) = ry. Then there exists s,
0 <s<1lsuchthatr; >1—5s>1—r.Now foragivenr; and sWe can find r,, 0 < r, < 1, such that

n*r,=1-s (6)
LetR=1—-r,andT =t —t,. Then z € Bx(y, R, T) implies thatF,(y, z, ..., z,t — ty) > r,. Thus

E(x,z, ...,2,t) ZE(y, ...,y.t) *E (0,2 ..,2,t —ty)

>Ry 7
>1-s %
>1—-r

Thus z € Bg(x,r,t) and hence Bx(y,R,T) € Bp(x,r,t). O

Proposition 14. Let (X, F,,*) be a generalized fuzzy n-metric space. Let Bx(x,r,t) and Bz (x, 15, t) be open balls with the same
center x € X and with radius 0 <7, <1 and 0 <1, <1 respectively. Then either we have Bp(x,r,t) € Bp(x,1,,t) or
Br(x,1,,t) € Bp(x, 1y, t).

Proof. For r; = r,, The result is obvious. Suppose that r; # r,. Now there are two possibilitiesviz. 0 < <, <land0 <7, <
r, <1l.Forthecase 0 <r, <7, <1,Wehavel -1, <1—r.Lety € Bz(x,1y,t), then

E(y .,y t)>1—-1rn>1-rn (8)
Hence y € Bp(x, 1y, t) implying that Bz (x, 1, t) € Br(x, 15, t). A similar argument can be given forthecase 0 < r, <r, < 1. O
Proposition 15. Let (X, F,,,*) be a generalized fuzzy m-metric space. Then (X, t5) is first countable.

Proof. Let t > 0 and x € X. We will show that
1t
Hx={BF(x,;,;):nEN} (9)
is a local base for x € X.
LetU € tz and x € U. Since U is open, there exists 0 < r < 1, t > 0 such that
Bp(x,1,t) c U (10)

Choose n € N such thatr > =, Let z € Bp (x,l,i), then
n nn
t 1
E, (x,z,z, ...,Z,;) >1 - >1-—r
= FE,(x,z2z..,2,t) =2 E, (x,z, z, ...,Z,%) >1-—r (11)

= z € Bp(x,1,t)

Therefore Bg (x%i) C Br(x,7,t) c U. Hence H, is a countable local base for x, i.e. (X,tp)It is a first-countable topological
space. O

Definition 16. Let (X, F,,,*) be Generalized fuzzy n-metric space and A < X. Let A be an index set. A collection {G,: « € A} of open
sets in X is called an open cover of A if A € {G,: a € A}.

Definition 17. A subset A of a Generalized fuzzy n-metric space (X, F,,) is said to be compact if every open cover G of A has a
finite subcover.

Proposition 18. Every compact subset A of a generalized fuzzy n-metric space X is F-bounded.
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Proof. Let (X, E,,*) be Generalized fuzzy n-metric space and A be a compact subset of X. For fixed valuesof t > 0and 0 < r < 1,
the collection {Br(x,7,t): x € A} is an open cover of A. Since A is compact, there exists xy, x5, ..., x; € A such that

k
A< UBp(x;,7,t) (12)
i=1

Letzy, 2y, ..., z, € A. Then there exists a subset {x; , x;,, ..., x;, } of {x;: i = 1,2, ..., k}, where X, sets are not necessarily distinct, such
that z, € By (xip,r, t). Hence, we have

E, (xip,zp, s Zp, t) >1—7r (13)
Therefore, on using proposition 6,we have
E, (zp,xl-p, s X (n— 1)t) > [F, (xip,zp, ...,Zp,tt)]"‘1 >(1-r)*? (14)
Now using [M 5], we have

Fu(21,23, s 20, 0? = 1)) = Fy(z0, Xy, oo, Xy, (0 — DE) % Fy(22, x4, o, Xy, (n — 1E) .

K Fn(zn, Xi s oees Xip, (N — 1)t) * Fn(xil,xiz, e X, (n— 1)t) (15)
Letr, = min{Fn(xil,xiz, ...,xin,t): 1<1i;,iy, ..., <k}, Then we have
Fn(xil,xl-z, e X, (N — 1)t) e Fn(xil,xl-z, e X t) >n (16)
In view of relations [fuzzyeq?], [fuzcond4] and [fuzzyeq3], We have
F (21,29, 0 Zpy M2 = D) > A =7)" 15 (A=) s s (1 —1r)"Lxpy (17)
n
Let (n? — 1)t = t, and
A=-r)"1x (@ =-r)"1x . x(1-—7)"1xr,>1-50<s<1 (18)
n
We have
E, (21,23, e Zpyty) > 1—s 19)
forall z,, z,, ..., z, € A. Hence A is F-bounded. O
Definition 19. Let (X, Fy,*) be Generalized fuzzy k-metric space.Let

< ((uy)p, (Uz)y - (i), t,) > be asequence in X* x (0, o0) converging to a point (x;, x5, ..., X, t) in X* x (0, ). Then F, is said
to be continuous on X* x (0, ©) if

ika((ul)n! (uZ)n (uk)n' tn) = Fk(xll X2y e Xy t) (17)
Proposition 20. Let (X, F,,*) be Generalized fuzzy k-metric space. Then F, is continuous on X* x (0, o).

Proof. Let x;,x,,..,x € X and t > 0. Consider a sequence < ((v1)n, (V2)p - (Vi) S) > in X* x (0,00) converging to
(xq, %2, o, Xp, ). Then < F((W)n, W2)n - (Vi)n, Sp) > is a sequence in (0,1]. Hence there exists a subsequence <

((W)n (Uz)y oo (Uidn, tn) > Of the sequence < ((v1)n, (V2)n .. (Widn,Sp) > such that < Fie((u1)n, (Ua)n - (U, tr) >
converges to some point in [0,1]. Now t,, - t as n — oo, hence for given § > 0 there exists n, € N such that |t,, — t| < & for all

t
n = n,. Let us choose § < > Then for all n > n,, we have

Fk((ul)nr (uz)n (uk)n: tn) = Fk((ul)n' (uz)n (uk)nr t— 6)
= F ((ul)n, X1 ...xl,g) * Fk((xl, (W) oo (W) t — (k4;1)5)

' (20)
2 Fy ((u1)n, X1 ---Xl,g) * ((uz)n, X, ...xz,%) * ...

5
. Fy ((uk)n, X "'x"’;) * Flo((xq, X oo X, t — 26)
and
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Fie(xq, %, o Xp, t +26) = Fo(x4, %5, . Xg, ty + 8)
1) S5
> Fe (%0, @y o () * Fie (X ) o (02D, ) % o 1)
1)
ot Fie (i Qi e Qi) * Fie(@diy () o (i) )

Making n — oo we obtain
rlli_{goFk((ul)”’ WUy oo U mo t) = 1 1 o 1% Fi(xq, Xg o Xpes t — 26) = Fio((%, X5 o Xp, t — 26) (22)
and
Fie (e, xg, w0 20, €+ 28) 2 im Fe (), (U2, - (i) ta) (21)
respectively. Therefore

Fk((xler e Xpy t— 26) < ii_l;goFk((ul)ni (u2)n, (uk)n; tn) < Fk (xlleI o Xy t+ 25) (23)

Since Fy (x4, X5, ..., X,.): (0,0) — [0,1] is continuous, hence we have
111i_1;1;10Fk((u1)n: (U2 - (W, tr) = Fre(xy, X3, -0 2, ) (24)

Therefore F, is continuous on X* x (0, ). O
Now we extend the Fuzzy Banach contraction theorem in the framework of Generalized fuzzy n-metric space.

Theorem 21. Let (X,E.*) be a E.-complete Generalized fuzzy r-metric space. Let T:X — X be a mapping satisfying
E.(Txy, Txy, ..., Txy, kt) = E.(xq, x5, ... X, t) forall x;,x,, ...,x, € Xand 0 < k < 1. Then T has a unique fixed point.

Proof. Let y, € X. Consider a sequence < y,, > in X such that y,, = T™y,. By Condition [fuzcond1], we have

Fr(Tyn—lr Tynr ---:Tyn: kt) = Fr(}’n—l: yn: ---:ynx t)
= Fr(yn' Yn+1r = Vn+1s kt) = F;"(yn—li Ynr w0 Yo t)

t
= Fr(}’n: yn+1' ""yn+1: t) 2 FT' (Yn—b yn' ""yn' ;)

t (25)
2 F (Yn—ZJ Yn-1r = Yn-1» ﬁ)

>E (yo,yp ylkin)

We claim that the sequence <y, > is a E.-Cauchy sequence in X.
For all natural numbers n and p We have

t(p—Z))

Fr(yn' Yn+pr = Vn+p) t) = Fr (ynr Yn+1r ---»yn+1»L) * Fr (yn+1: Yn+ps - J’nﬂw?

p—-1
= Fr (ynr Y+t o Yn+ts p_il) * Fr (yn+1: Yn+2s = Yn+2s ﬁ)
0-2)

* Fr (yn+2' Yn+ps = Yn+ps -1

' t t 26
= FT‘ (yn' Yn+1r = Yn+1 E) * Fr (yn+1' Vn+2s - ryn+2rﬁ) ( )

ok E (J’n+p—1’3’n+p’ 'yn+p'L)

p-1
t t
= E (yO'yli ---,yl,m) *E (yOryl’ ---'y1»w+1—@_1))
t
e ¥ FT‘ (yo,yl, ""yl’k'f”p_—l(p—l))

Since the t-norm = is continuous and E. (x4, x5, ..., X, . ) is continuous, hence making n — oo, we have
rlli_{rgoFr(yn, Vntps = Yntps t) >1x1..x1=1 27)
This shows that < y,, > is a E.-Cauchy sequence. Since X is F.-Complete, there exists a pointu € X such that < y,, > is F.-convergent

and converges to u . suppose Tu # u then
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E.(Tu,u,..,u,t) =E. (Tu, TY,, ...,Tyn,g) * F, (Tyn,u, o U, g)

(28)
t t
> F (u, Vo ""y"’ﬂ) * F. (yn+1,u, v U, 5)
Taking the limit as n — oo and using the fact that function F, is continuous on its variables, we have
E.(Tu,u,...,u,t) > 1 (29)
This implies Tu = u.
Next to show the uniqueness, suppose there exists v € X such that Tv = v. Then
E.(v,u,..,u,t) =FE.(Tv,Tu,..,Tu,t)
t
> F (v, u, ...u,;)
=F (Tv,Tu, .., Tu,)
. (30)
> F (v,u,. ,u,k—z)
ZFr(v,u,...,u,kin)—>1 as n — oo
Which impliesv = u. O
We now give an example to illustrate Theorem 3.14.
Example 22. LetX =[-1,1],axb = a.b forall a,b € [0,1] and t > 0, define
t
E,(x1,%3,..., %5, t) —m (31)

for all x;, x5, ... x, € X. Clearly (X, E,,*) is a E,-complete Generalized fuzzy n-metric space. Define a mapping T: X — X by Tx =
x/6 for all x € X. One can see that the condition [fuzcondl] holds for all x4, x,, ... x,, € X and % < k < 1 and 0 is the unique fixed
point of T

3. APPLICATION TO VECTOR IMAGE FILTERING

The quality of digital images is affected by the sensor noise and the channel noise. The sensor noise is produced during image
formation while the channel noise is produced during transmission by Plataniotis [17]. Therefore, it is essential to reduce the noise
for estimating the original image information from noisy data Plataniotis, Androutsos [18]. This process is called the color image
filtering and is an important part of any color image processing system Machuca and Phillips, 1983 [19]. There are several approaches
to constructing a color filter for this purpose. The vector approach Astola, Haavisto and Neuvo, 1990 [20] is observed to be more
appropriate compared to other traditional approaches. The most well-known filter following this approach is a Vector Median Filter
(VMF) provided by Arakawa, 1996 [21]. In this approach, the color images are treated as a vector field, and a window is moved over
the input image. The vector filter selects the output vector on the basis of ordering of vectors in the defined sliding window.

Let W be the sliding window of size nand let x;,i = 1,2, ...,n be the pixels in W. Let the vector-valued image function at pixel x;
be denoted by I; = (Ij(l), 1,-(2),Ij(3)). For RGB images, ; € {0,1, ...,255}3. The degree of nearness or closeness between two
vectors [; and I; is described by

d(l, ) =N I, — I I= (oL@ = WO |P)P (32)
Let the aggregated distance associated with the input vector I; is given by

D' =¥7_,d(I.1) (33)
Then the order sequence of aggregated distances D™ < D® < ... < D™ implies the same ordering of corresponding vectors Iy <
Iy <+ Iny. The VMF outputs the vector I, that minimizes the aggregated distances to the other vectors in W, i.e. I, = I, for
which

k= argmjn(Di), i=12,..,n (34)

Hence the lowest-ranked vector I,y is the output of VMF.
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It has been observed that fuzzy-based methods are useful in the detection and removal of noise during image processing [22] .
Morillas et al and Pitas [23] replaced the classical metric defining nearness between pixels /; and I; by the following fuzzy metric-

M(IL’I]) - Hl:lmax{li(l).lj(l)}+K

(35)

Where I;(1), [;(1) € integer values in [0,255] for the processing of RGB images and K > 0. Recently Khan, Sun and Yang, [24]

proposed to replace the fuzzy metric M(IL-, Ij) by generalized fuzzy metric Fr(3)(11, I,, ..., I.) defined in proposition 9. Then the
accumulated fuzzy measure associated to the vector I; is given by

Di = 215i1<i2<...<ir_15n F}(S) (Iillil, . "'Iir—1) (36)

i#i, k=1,2,.,7r—1

For different values of r, We have different algorithms reducing the noise in color image processing, Machuca and Phillips, 1983
[19].

Now we propose an algorithm by choosing r = 4 for a 8-neighbourhood 3 x 3 window. For this choice of r(= 4), We have a new
vector filter Xu and Yue, 2009 [25].

with accumulated fuzzy measure associated to the vector I; as

Dl = 215i1<i2<i3s9 F4(3) (Ii, Ii1’ Iiz, 11‘3 (37)

ir#i, k=123

Where I, = (Iip(1),1ip(2),1ip(3)>, I, (D) € {0,1,2, .., 255} for [ = 1,23; p = 1,2,3, and

min{l;(D,1;, (D13, (D1, D}+K
F4(3)(Ii' Iil' Iiz' 1i3) =13 il (DI, (DT (38)

=1 max(1;(0),05, D1, (D115 (D} +K

for the processing of RGB images and K > 0. The appropriate value of K can be decided by analyzing the performance (MSE) of the
fuzzy metric Ff‘) with respect to different values of K. The fuzzy metric Ff) is a particular stationary form of the generalized metric
F,(x,y,z,w,t). An interpretation of such metric can be given as follows-

F,(x,y,z,w,t) = a if and only if the probability $P[(\text{Perimeter of the rectangle with} \;\\ \text{vertices} \; x,y,z\; \text{and}
\; w)\le t]=\alpha$.

Then the accumulated fuzzy measure D! associated with the vector I; will represent the sum of fuzzy analog perimeters of all the
rectangles formed with the pixel I; as one vertex.

Let us consider a 8-neighbourhood 3 x 3 window with pixels {(i, j):i,j € {1,2,3}}. If we number the pixel (i,j) as (3i +j — 3),
Then the pixels numbered 1,3,7 and 9 will have similar spatial neighborhoods. The pixels numbered 2,4,6 and 8 are also spatially

similar with respect to the sliding window. The pixel numbered 5 is the central pixel. Now We propose the algorithm for computing
D' as follows-

D' = F, Uy, I, I, Is) + F, Oy, I, I, 1) + F, P Uy, 1, 1, 1),
DZ = F4(3)(121 Il) 131 15) + F4-(3)(12) 14-) 161 IS) + F4—(3)(12! 12' 17! 19)
D5 = F,® s, I, I, 1) + F,®Us, Ig, Ig, Is) + F,® U5, I, Is, 1) (39)

We can follow a similar approach to compute D* for other spatially similar pixels numbered 3,7,9 and 4,6,8.
The filter output will be [, € W that maximizes the aggregated fuzzy measure to other vectors in W, i.e. I, = I, for which

k = argmax(DY), i=1.2,...,9 (40)
L

The ordering D&: DW > D@ > ... > DOWith fuzzy rule-based order statistics (,) implies the ordering I;: Iy = I;z) = -+ = Iq).
Hence in light of relation [fuzzyeq5], the vector I, is the output vector.

The proposed filter can be analyzed for computational complexity and performance analysis by using standard measures like Mean
Absolute Error (MAE), Peak Signal to Noise Ratio (PSNR) and Normalized Color Difference (NCD).
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