Volume 6, No.2, FEBRUARY 2019

Journal of Global Research in Mathematical Archives
ISSN 2320 - 5822
RESEARCH PAPER

Available online at http://www.jgrma.info

SUPER FAIR DOMINATING SET IN GRAPHS

Enrico L. Enriquez

Department of Mathematics
School of Arts and Sciences
University of San Carlos, 6000 Cebu City, Philippines
Email: enricolenriquez@yahoo.com

Abstract: In this paper, we initiate the study of super fair dominating set of a graph G by giving the super fair domination
number of some special graphs. Further, we shows that given positive integers k, m and n such thatn > 2 and1 <
k< m< n—1there exists a connected graphG with [V(G)| = n,yrq(G) =k,and ygq(G) = m. Finally, we
characterize the super fair dominating set of the join of two graphs.
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1. INTRODUCTION

Let G be a simple graph. A subset S of a vertex set V(G) is a dominating set of G if for every vertex v € V(G)\ S, there exists a
vertex x € S such that xv is an edge of G. The domination numbery(G) of G is the smallest cardinality of a dominating set S
of G. Dominating sets have several applications in a variety of fields, including communication and electrical networks, protection
and location strategies, data structures, social networks and others. For more background on dominating sets, the reader may refer
to [1, 2, 3, 4, 5, 6]. Some variants of domination in graphs are found in [7, 8, 9, 10, 11]. Domination in graph was introduced by
Claude Berge in 1958 and Oystein Ore in 1962 [12].

A fair dominating set in a graph G (or FD-set) is a dominating set S such that all vertices not in S are dominated by the same
number of vertices from S; that is, every two vertices not in S have the same number of neighbors in S. Thus a dominating set S <
V(G) isan FD-set in G if for every two distinct vertices u and v from V(G) \ S, |[N(w) n S| = |N(v) n S|. The fair domination
number, y;4(G), of G is the minimum cardinality of a FD-set. For an integer k > 1, a k-fair dominating set, abbreviated kFD-set,
is a dominating setS € V(G)such that|[N(w) n S| = k for everyu € V (G)\ S. The k-fair domination number of G,
denoted y, 4 (@), is the minimum cardinality of a kFD-set. The concepts of fair domination and k-fair domination in graphs were
introduced by Caro, Hansberg, and Henning [13].

The super dominating sets in graphs was initiated by Lemanska et.al. [14]. Variation of super domination in graphs can be read in
the paper [15, 16]. Aset D c V(G) is called a super dominating set if for every vertex u € V(G) \ D, there exists v E
D such that N;(v) n (V(G) \ D) = {u}. The super domination number of G is the minimum cardinality among all super
dominating set in G denoted by y;, (G).

Motivated by super domination and fair domination, we initiate the study of super fair domination in graphs. A fair dominating set
S < V(G) is a super fair dominating set(or SFD-set) if for every u € V(G) \ S, there exists v € S such that N;(v) n

(V(G) \ S) = {u}. The minimum cardinality of an SFD-set, denoted by y,.4(G), is called the super fair domination number of G.
For general concepts we refer the reader to [17].

2. RESULTS
Remark 2.1 A super fair dominating set is a super dominating and a fair dominating set of a nontrivial graph G.

Since the minimum super dominating set S of a nontrivial complete graph K, isn — 1, it follows that ys4 (K,,) = n — 1. With this
observation, the following remark holds.

Remark 2.2 Let G be a nontrivial connected graph G of order n.then 1 < y;4(G) < y574(G) < n—1.
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The path B, of order n is the graph with distinct vertices vy, v,,...,v, and edges v,v,,v,vs,...,V,_1Vy,. In this case, P, is
also called a v;-v,, path or the path P(vy, v,).

Observation 2.3 Let n > 2.

if n is even

+1 S
—, if n is odd.
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Remark 2.4 Letn > 2. Thenysq(B,) < ysrq(P,) with equality occurs when n = 2 orn = 4.

The cycle C,, of order n, n = 3, is the graph with distinct vertices v,,v,,..,v, and edges v,v,, v,Vs, .., Vp_1Vy, UpVy.

Observation 2.5 Letn > 3.

if n=3,

if n=0(mod4),
L if n= 1(modd),
if n = 2(mod4),
if n = 3(mod4).
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Remark 2.6 Letn > 3.Then yz4(Cy) < ¥5rq(Cy) With equality occur whenn = 5.

A complete graph of order n, denoted by K,,, is the graph in which every pair of its distinct vertices are joined by an edge.
Observation 2.7 Letn > 2.The ys¢4(K,) =n — 1.

Remark 2.8 Letn = 2. Then yy4(K,) < ¥srq(K;) with equality occur whenn = 2.

A graph G is called a bipartite graph if its vertex-set V(G) can be partitioned into two nonempty subsets V; and V, such that every
edge of G has one end in V; and one end in V,. The sets V; and V,, are called the partite sets of G. If each vertex in V; is adjacent to

every vertex inV,, then G is called a complete bipartite graph. If |V;| = m and |V,| = n, then the complete bipartite graph is
denoted by Ky, ..

Observation 2.9 Letm > 2 andn > 2. Then

m+n—1, if m#n,

Ysfd K n) = .
ojal K m+n—2, if m=n.

Remark 2.10 Letm > 2andn > 2. Theny;q(Kmn) < ¥sra (Knm) With equality occur when n =m = 2.
A star graph S,, = K; + P, is a complete bipartite K; , wheren > 1.

Observation 2.11 ygz (S,) =nforalln = 1.

Remark 2.12 Letn = 1. Then y£4(S,,) < ¥srq(Sy) With equality occur whenn = 1.

Letn > 1. The fan of order n + 1, denoted by F,, is the graph K; + B,.

Observation 2.13 Letn > 1. Then

n, if n=1o0rn=3,
YsialFn) = @ if nis odd and n > 5.

n+2 :
=, if n is even.




Remark 2.14} Letn > 1. Then y;q(F,) < ysrq(F,) with equality occur whenn = 1.

Let n > 3. The wheel of order n + 1, denoted by W, is the graph K; + C,,.

Observation 2.15 Let n > 3. Then

3 if n=3,
12 if n=0(mod4),
Yera(Wn) = n;i‘s if n= 1(mod4),
1l if n = 2(mod4),
5. if n=3(mod4) and n # 3.

Remark 2.16 ysq (W) < ¥spq(Wp,) foralln = 3.

Consider the graph G = K; + C, with vertex set V(G) = {x} U {vy, v, v3,...,v;} and edge set EG) =
fvivieii=12,...,63U{v,v 3 U {xv;:i = 1,2,...,7}. The set S = {x, vy, v,, V4, V5 } is @ minimum super dominating set of G but
not a fair dominating set of G since v;,vg € V(G) \ S and |[N(v3) N S| # [N(vg) N S|. Thus the following remark holds.
Remark 2.17 Every minimum super dominating set need not be a fair dominating set in a graph G.

The following result says that the value of the parameter y¢,(G) ranges over all positive integers 1,2,...,n — 1.

Theorem 2.18 Given positive integers k,mand nsuch thatn >2and 1< k< m < n— 1there exists a connected
graph G with |V(G)| = n, ¥54(G) = kand y54(G) = m.

Proof: Consider the following cases:

Casel. Suppose m = n— 1.

LetG = K,.Then, clearly, [V(G)| = nandy;q(G) = 1 =kandygpq(G) =n—1=m

Case2. Suppose m <n — 1.

Consider 1 < k =m. Let G = P, o K;. Then the setS = V(P,) is a fair dominating set and a super dominating set of G. Since
S is both minimum fair and super dominating sets, it follows that S is a minimum super fair dominating set of G. Thus, |V(G)| =

2k =n,y7q4(G) = |S| =k, and y4¢4(G) = k =m.

Consider 1<k<m.Let G=C,where n=2m-1(m=5),k€ {n/3,(n+2)/3,(n+4)/3} andn = 1(mod 4).

IfV(C,) = {v,v,,...,v}and E(C,) = {v vy, Vyvs, ..., 1,01 } thenthe set A = {vg;_,:i = 1,2,...,n/3} or A=
{v3i20i=12,...,(n+2)/3} orA ={v5;_»:i =1,2,...,(n+ 4)/3}is a minimum fair dominating set of G and the set B =
{v4i_3:i =12,... n—+3} U {vy0:i=12,...,(n—1)/4}is a minimum super fair dominating set of G. Thus, |V (G)| =

N, ¥ra(G) = |A] = k, and y4¢4(G) = |B| = (n +3)/4+(n-1D/d=n+1)/2=2m—-1+1)/2=m

Consider 1=k<m. LetG={x}+P,_; where n=2m—-1and n= 1(mod4). WWV(P,_1) ={v,vy...,Vp_1}
and E(P,_1) = {vlvz,vzvg,.. , Un—2Vn_1}, the set A = {x} is the minimum fair dominating set of G and the set B =

{x}u {v4L »i=12,. }U {v4i—1:i=12,...,(n—1)/4} is a minimum super fair dominating set of G. Thus, |V(G)| =
1+(n—1)=n, yfd(G) =]A|=1=k, and Ysfa(G)=|Bl=1+(n—-1)/4+(n—-1)/4=m+1)/2=m

This proves the assertion. m
The next result is an immediate consequence of Theorem 2.18
Corollary 2.19 The difference ys¢q(G) — v¢4(G) can be made arbitrarily large.

The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) U V(H) and edge-set E(G +
H)=E(G)VU E(H)U={uv:u € V(G),vE V(H)}



We need the following results for the characterization of the super fair domination of the join of two graphs.

Lemma 2.20 Let G and H be connected non-complete graphs with |V (G)| = |V(H)|. IfS; = V(G) \ {a} for some ac€
V(G),Sy =V(H)\ {b}forsome b € V(H), and |N;(a)| = |Ny(b)|, then S = S; U Sy is a super fair dominating set of G + H.

Proof: Suppose that S; = V(G) \ {a}forsomea € V(G)and Sy = V(H) \ {b}forsome b € V(H).Then

§=SU Sy = VG {ah v (VH)\ {b})
= (V(G®) U V) \ {a b}

= V(G+H)\
{a, b}
Thus, V(G + H) \ S = {a, b}. Since G is non-complete, choose a € V(G) such that ac # E(G) for some cE
V(G) \ {a} = S;. Similarly, since H is non-complete, choose b € V(H) such that bd # E(H) for some de

V(H)\ {b} =Sy.Considera e V(G+ H)\ S.Then there existsd € Ssuch thatNg,y(d)n (V(G+H)\ S)={a}.
Consider b € V(G + H) \ S.Thenthereexists c € Ssuchthat Ng,y(c) n (V(G + H) \ S) = {b}. Thus, S isa super dominating
set of G + H. Now,

INg+n(a@)| = |Ng(a) U V(H)|
INg ()| + [V (H)|
= [Ny(D)| + [V(G)]
INu(b) U V(G)]

ING.+ (D)

Thus,fora,b € V(G + H)\ S, |(Ng+m(a) N S| = |Ng4y(b) N S| and so, S is a fair dominating set of G + H. Accordingly, S is
a super fair dominating setof G + H. m

Theorem 2.21 Let G and H be connected non-complete graphs. Then S = S; U Sy is a super fair dominating set of G + H where
Se; € V(G) and Sy € V(H) if and only if one of the following statements is satisfied.

(i) Sg isasuper fair dominating set of G and Sy, = V(H).

(ii) Sy is a super fair dominating set of H and S; = V(G).

(iit) Sz = V(G) \ {w}for some w € V(G), Sy =V(H) \ {z}for some z € V(H), and one of the following conditions
hold.

a) [V(G)| = |V(H)| and [Ng(w)| = [Ny (2)].

b) |Su| = IS¢| = INp(2)| —
INg (W)

Proof: Suppose that S = S; U Sy € V(G + H) is a super fair dominating set of G + H. Consider the following cases:

Casel: Suppose S, is a super fair dominating set of G.

If Sy = V(H), then we are done with statement (i). Suppose Sy # V(H). Letx € V(H) \ Sy.Then X €
V(G+H)\Sandxy € E(G+ H)forally € V(G). Letu € V(G) \ S;. Now, if we assume that there exists u' €
V(G) \ S; distinct from u, then u',u € Ng,y(2) forall z € Sy. Thus, Neon(2) N

VEGE+HDH\S)={uu:u e V(G)\ Sg}VU {x € V(H)\ Sy:x € Ny(2)} contrary to our assumption that S is a super fair
dominating set of G + H. This means that there is only one element of V(G) \ S; andso S; =V (G) \ {w}forsomew € V(G).

Similarly, if we assume that there exists x' € V(H) \ Sy distinct from x, then x’,x € Ng,n(v) forall v € S;. Thus, Ng.y(v) N
VG+H\S)={x,x":x" € VIH)\ Sy} VU {u€eV(G)\ S;:u € N;(v)} contrary to our assumption that S is a super fair
dominating set of G + H. This means that there is only one element of V(H) \ Sy and so Sy = V(H) \ {z} for some z € V(H).

Now, consider |V(G)| = [V(H)|. If there existw e V(G)\ S; and z € V(H)\ Sy such that|N;(w)| # |Ny(2)|,
then



[Ng+u (W) [N¢(W) U V(H)|
|Ne(W)| + |V(H)]
[N (2)| + V(6]
INy(2) U V(G)|

ING+u(2)]

Thus, forw,z € V(G + H)\ S, |(Ngoyu(W) N S| # [Ng,y(2) N S| contrary to our assumption that and S is a fair dominating set
of G + H. Consequently, [N;(w)| = |Ny(2)].

o

Consider |V (G)| # [V(H)|. Then |Sg| = |V(G) \ {w}| # |V(H) \ {z}| = Sy. If [IN;(w)| = |Ny(2)|, then by following similar
computations above, S is not a fair dominating set of G + H. Consequently, |[N;(w)| # |Ny(2)|. Since S is a fair dominating set
of G+ H,

INgsnW) N S| = |Ngyu(2) N S|
(NeW) U V(D)) N S| = |(Ny(2) U V(E))Nn S|
I((NeW) N SHU VH) N S)| = [(Ng(2)n Hu V(G n S)]

INg(W) U Sy| = |Ny(2) U Sgl
INe(W)| + [Sul = [Ny(2)| + |Sg| where |Sg| # |Sy|
and [Ng(W)| # |Ny(2)|
ISul = IS¢l = |Ng(2)| — [Ng(W)].

This proves statement (iii).

Case2: Suppose Sy is a super fair dominating set of H.

If S; = V(G), then we are done with statement (ii).

Suppose S; # V(G). Then by similar argument above, statement (iii) holds.

For the converse, suppose that statement (i) is satisfied. Let S=5S;,U Sy where S; € V(G) and Sy S V(H). Let u €
V(G) \ S;. Since S; is a super dominating set of G, there exists v € S; such that No(v) N (V(G) \ S;) = {u}. Since Sy =
V(H), ue V(G)\ Se =V(G) U VIH))\ (S; U V(H)) =V(G+H)\ S.Thus, forallu € V(G + H) \ S, there exists v €
Ssuchthat No,y(v) N (V(G + H) \ S) = {u}, thatis, S is a super dominating set of G + H.

Letu,u’ € V(G) \ S;. Since S; is a fair dominating set of G, [Ng(u) N S;| = |[Ng;(u') n S¢|. Since Sy = V(H), u,u' €
V(G)\ S =V(G+H)\ Sand N;(u) U V(H) = Ngpy(w). Thus, forall u,u’ € V(G + H) \ S,

INg+u(u) N S| |(Nc(u) U V(H)) n S|
[((Ne(w)n SHu (V(H) N )]
IN¢(w) N S|+ |V(H) N S|
INg@') 0 S|+ [V(H) N S|
I(Ne) N SHu (V(H) N S)
= |(Ne()u V()N S|
INg (@) N S|

This means that S is a super fair dominating set of G + H.
Similarly, if statement (ii) is satisfied, then S is a super fair dominating set of G + H.
Now, suppose that statement (iii) a) is satisfied. Then by Lemma 2.20, S is a super fair dominating set of G + H. Next, suppose

that statement (iii) b) is satisfied. Then |Sy| — |S¢| = |Ny(2)| — |Ng(w)| for some z € V(H) and for some w € V(G). Thus for
alw,ze V(G+ H)\S,

[Sul = 1S6l = INg(2)| = [Ng(W)]
INeW)| + [Sul = [Ny(2)| + S|
INe(W) U Sy| = [Ny(2) U Sgl

[((Ng(W)n S)u (V(H) N S)| [((Ng(z2) n S)u (V(G) n S)]
|(Ne(W) U V(H)) n S| |(Ny(2) U V(6)) n S|
INg:z(W) N S| = |Ngyy(2) N S|,



sincew € V(G)and z € V(H).
This shows that S is a fair dominating set in G + H.

Finally, letw € V(G) \ S; and z € V(H) \ Sy. Note that V(G + H) \ S = {w, z}. Since G is non-complete , there exists v €
S; such that wv # E(G). Thus, there exists v € S such that Nooy(v) n (V(G+H) \ S) = {z}. Since H is

non-complete , there exists v’ € Sysuch that zv' # E(H). Thus, there exists v’ € S such that Ny N
V(G + H)\ S) = {w}. This shows that S is a super dominating set of G + H. Accordingly, S is a super fair dominating set of G +
H. . m

As a consequence of Theorem 2.21, we obtain the following result.
Corollary 2.22 Let G and H be connected non-complete graphs of order m and n respectively. Then Ysra(G +
H) = min{ysfd(G) +n, ysfd(H) +m, m+n-—2}

Proof: Let G and H be connected non-complete graphs of order m and n respectively. Suppose S = S; + Sy is a super fair
dominating set of G + H, where Sz € V(G) and Sy € V(H). Then by Theorem 2.21, (G + H) < |S| = |Sz U V(H)|
where S;; is a super fair dominating set of G or ys,(G + H) < [S| =[Sy U V(G) | where Sy is a super fair
dominating set of H or ysq(G + H) < [S| = |S; U Sy | where S = V(G) \ {w} and Sy =V(H) \ {z} for
somew € V(G)and z € V(H). Thus,

Ysra(G + H) < |Sg U V(H)| forall S c V(G)
= |S;| + |[V(H)| forallS; c V(G)

This Implles that YSfd(G + H) < ]/Sfd(G) + n, or

Yspa(G+H) < Sy U V(G)]| forall Sy c V(H)
= |Syl + |V(G)|forall S, ¢ V(H)

This implies that y¢4 (G + H) < y5pq(H) +m, Or

Vsra(G +H) < (VG \{wWH U (V(H)\ {z}]

AWV @] = [{w3D + (VDI = I{z3)
m-D+n-1)

Therefore, v (G + H) = min{yssq(G) + 1, Yspa(H)+m, m+n—2)}. m
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