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Abstract

In this paper, we work on (s,@Q) inventory queuing system for providing two types of customers
services, namely high priority customer and low priority customer, with one basic server interruption
and a standby server replaces whenever the basic server gets interruption. The high priority customer
demands a unit item along with some services and the low priority customer demands only the services
(on the used item) but not purchasing the item at that time. The high priority customers are allowed
in the queue with finite capacity waiting hall and low priority customers allowed in the finite orbit with
retrial policy when the server is busy, otherwise, the customer is lost. Also, in this discussion, the server
can go in orbit search of customers immediately after either the inventory is stocked out or there is
no queue. The customers’ arrivals of both types follow Poisson processes and the times of both the
services follow the exponential distributions while the interruption times and the stand-by service times
are exponentially distributed. Finally, the system performance measures are derived in the steady states.

Keywords: Continuous review, Perishable commodity, Heterogeneous servers, Standby server.

1 Introduction

In many real life situations, the demanded item cannot be delivered immediately due to the installation or
demonstration or the upgrading some facilities and hence we require some positive service time, eventually
this leads to build a waiting hall for the customers. Berman and Kim [1] analyzed an inventory queuing
problem under the assumption of arrival of customers follows a Poisson process and the service times are
exponentially distributed in which mean inter arrival time is larger than the mean service time. Berman
and Sapna [2] studied an inventory queuing problem under the assumptions of Poisson arrivals, arbitrarily
distributed service times, zero lead times and finite capacity of waiting room. They determine the optimal
ordering quantity based on the given cost structure, derived from the minimum long run expected cost
per unit time. Further, Elango [3], he studied the Markovian inventory system along with service facility
and instantaneous replenishment of orders. The service time assumed to be exponential distribution with
the rate depending on the queue length. Arivarignan et al. [4] studied the same problem with exponential
lead time. In Sivakumar and Arivarignan [5], they worked the inventory problem with exponential service
and lead times but the demand of an item is arbitrarily distributed.

Also, when the server is busy, the customers may allow in a retrial orbit and repeated attempt to
capture the free server after a random amount of time. This model is known as a retrial queuing model.
This is extensively studied by many authors. With the reference of the books of Falin and Templeton
[6] and Artalejo and Gomez Corral [7], they analyze the both theory and applications on retrial queues
which is useful to the readers. In Artalejo et. al [8], first studied this inventory model with positive lead
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time for retrying the orbiting customer to get unsatisfied demand in algorithmic approach. Ushakumari [9]
derived the analytical solution to the same model. In many situations we can find out the different classes
of people to get the different quality of services. Under non-preemptive discipline, high priority customer
is allowed in a queue when a low priority customer is in the server and low priority customer goes into a
retrial orbit when the server is busy. A non pre-emptive retrial queuing model is first investigated by Choi
and Park [10]. They allowed the retrial queue for both priority and ordinary customers under the priority
customer have non pre-emptive priority over ordinary customers and queued in FCFS. In Krishnamoorthy
and Jose [11], the authors studied the inventory (s,.S) system with an orbit size infinite. They considered
a waiting hall for fresh customers with finite capacity and the orbit used only for retrial customers. The
inflow and outflow rate of retrying customers in the orbit and the length of queue are considered to be
independent. In Krishnamoorthy and Islam [12], Sivakumar and Arivarignan [13] and Paul Manuel et al.
[14], all these inventory retrail queuing model, the selection time between the pooled customers is according
to exponential distribution.

In this paper, we work on a continuous (s,.S) inventory - queuing system with high priority and low
priority customers. The arrivals and services of both the customers are heterogeneous types. One basic
server and one standby server are used in the model. A finite capacity waiting hall and a finite capacity
orbit queue are respectively used for high and low priorty customers. Orbit search used for low priority
customers with non-pre-emptive priority service policy. This helps to minimize the ideal time of the server.

The paper is organized as follows. In section 2, the mathematical model and the notations are defined.
Section 3 gives the analysis of the model and the steady state solution of the model. The various system
performance measures are given in section 4.

2 Mathematical Model and Notations

In this model, we consider the high priority customers(HPC) who purchase the product along with services
which may include the installation or demonstration of how to use the product or upgrading the additional
facilities and the low priority customers(LPC) is only provided the services which includes the maintenance,
or repair or upgrading but not purchasing the product. We observe that the number of arrivals of both
high and low priority customers follow Poisson processes and servicing times of both high and low priority
customers are exponentially distributed. Let A; and p; are the arrival rate and service rate of the high
priority customers and As and po are the arrival rate and service rate of the low priority customers
respectively.

In this model, we discuss the two types of servers, namely basic server and standby server. We assume
that the interruption may occur only the basic server with the rate 1 and the completion of interruption
with the rate a. The times of both these occurrences follow exponential distributions. We assume that
the basic server is only providing the services till the interruption occurs. The standby server can also be
used when the basic server has an interruption.

In this model, the waiting hall with finite capacity, say N, is only used for high priority customers. The
high priority customer is lost when the hall is full.

In this model, retrial policy only used for low priority customers in the finite orbit, say M. Assume the
inter-retrial times of repeated attempts of the low priority customer demand for free server follows the
exponential distribution with the rate 6, the corresponding rate of demand of customers in the orbit is j#
when the orbit size is j. This is known as the classical retrial policy.

In this model, under non-pre-emptive priority service policy, the basic server can also search the orbiting
customer for providing service with the probability r and 1-r is the corresponding probability of ideal of
basic server. This is the case whenever there is no customer in the waiting hall or the inventories are
stocked out.

In this model, we work on a continuous review inventory system and the ordering policy is (s,S). The
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small letter s denotes the reorder level and the capital letter S denotes the maximum inventory level of
the system. Assume ¢ be the fixed order quantity with instantaneous replenishment given by ¢ = S — s
and the lead time occur with the rate 5, where the lead time is the time gap between the placing the order
and receiving the order.

2.1 Notations:

I;; = an identity matrix of order k
e = (1,1,...,0)7
[C];; = entry at (i,7)" position of a matrix C
aeV?! = a=ii+1,...j
k g ifr >k
S YrlYr—1 Yp UT =
AR _{1 ifr <k

5 - 1 if x=y
Yo 0 otherwise

by = 1— 0y

1 if a>0
H(a) = { 0 otherwise

3 Analysis of the Model

At time ¢t > 0, the state of the system can be expressed by the stochastic process y(t) = {(y1(t), y2(t), y3(t), ya(t))},
where y (t) means inventory level at time ¢, y2(t) means server’s status at time ¢, it is defined as follows:

, if Both servers are free at time t,

if Basic server is busy with HPC and standby server is free at time t,

if Basic server is on interruption and standby server is busy with HPC at time t,
if Basic server is busy with LPC and standby server is free at time t,

, if Basic server is on interruption and standby server is busy with LPC at time t,
, if Basic server is on interruption and standby server is free at time t,

<

V)

—~

~~

~
Ttk W N~ O

y3(t) means number of HPC in the queue at time ¢ and y4(¢) means number of LPC in the queue at time
t. The state space of the model is A = a1 Uag UaszUaqg Uas UagUar UagUag U ayg, where

ar = {(0,0,43,754) | 0 < j3s < N;0 < jy < M},
az = {(71,0,0,41) | 1 <51 <S5;0<js < M},
a3 = {(j1,1,J3,72) | 1 < j1 <850 < j3s < N;0< jg < M},
as = {(j1,2,43,72) | 1 <1 <5;0<7j5 < N;0<jy <M},
as = {(0,3,73,44) | 0 <js < N;0 < ju < M},
ag = {(j1,3.73,74) | 1 <j1 < 8;0<j3 < N;0< jys <M},
ar = {(0,4,73,41) | 0 < j3 < N;0 <y < M},
ag = {(j1,4,43,74) | 1 <j1 < S8;0<j3 < N;0< jy <M},
ag = {(0,5,73,51) | 0 < j3 < N;0 <y < M},
a0 = {(41,5,0,41) |1 <51 <S;0<j4 <M}

The set of states in the level (0) is denoted by (0) = a3 U as U a7z U ag. The set of states in the level (j1),
1 <41 <5, is denoted by (j1) = az Uaz UagUagUag U aip.
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Then the rate matrix of y(t) = {(y1(t),y2(t),y3(t),ya(t))} is given by

(S) N
(S - 1) ? 95 A,
(s + 1) o Qo Ay
T = (S) g Ql AQ
(S — 1) \I’ Ql
(2) L\ . . Ql 32 R
1 1
: . .

where the matrices Ay, ¥y and Qg are of dimention (M + 1)(4(N + 1) +2) x 4N + 1)(M + 1), 4(N +
D(M+1)x (M+1)4(N+1)+2)and 4(N +1)(M + 1) x 4(N + 1)(M + 1) and other matrices 1, Qq,
Ay and U are of dimention (M + 1)(4(N 4+ 1) +2) x (M + 1)(4(N + 1) + 2).

The elements of the sub-matrices of I' can be described as followes:

(B, k1=0Q, ko = jo, k3= j3, k4 = ja,

j1=0,  ja=0, j3=0, jae VM,
k1 =Q, ko =1, ks=7j3—1, ky=js,

\Ijl — .jl = 07 j2 = 07 j3 S Vlev j4 S VZ)Ma
kl - Qa k? = j27 k3 = j3a k4 = j47

=0, eV, jseVd, jieViM,

0, otherwise.

U =B X I(pmy1yan+1)+2)

(. k1 =0, ke =0, ks=yjs, Fka=ja,
jl :]-7 j2: 1a j3 eVv()Ny j4:07
k1 =0, ko =5, k3=y73, ky=ja,
jl = 17 j2 = 21 j3 c VE)Na j4 S VE)Ma
A = . .
! rp, k1=0,  ky=3, k3=js, hka=js—1,
=1 jo=1 jseV{, jieVM,
(I=r)pa, k1 =0, ko =0, kz=j3, ks=ja,
=1 jo=1, jseVy¥, jeVvM,
0, otherwise.
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M1,

T,

(1 —=7)p,

Al?

>\2)

Ja0,

H2,

T2,

(1 —r)pa,

ki =71—-1, k=0,
J1E VS, Jo =1,
ki =751—1, ko= jo,
jl S ‘/257 j2 - ]-7
ki =jg1—1, ko=5,
J1E VS, J2 = 2,
ki =g1—1, ko= jo,
neEVS, ja=2,
ki =j1—1, ko =3,
j1 € VS, J2 =1,
ki =jg1—1, ko=0,
neVsy,  ja=1,
otherwise.

ki =j1, k2= jo,
jlzov j2:0a354557
kl = jla k? — 35

jl = Ov j2 = Oa

k1 =j1, ko= jo,

jl - 07 j2 — 3a4a

kl =J1, k? — 45

jl - Oa j2 5)

k1 =j1, ke =3,

jl - 07 j2 07

k1 =j1, ke =4,

jl = Oa j2 = 5a

k1 =741, ke =0,
Jj1=0, 7Jo=23,

k1 =j1, ke =25,

jl = 07 j2 45

k1 = g1, k2 = jo,

jl =Y, j2 = 3a

k1 =741, ke =0,

jl - 07 j? 37

k3 = j3a

j3 = 07

k3 = j3 - 17
j3 € Vl )

k3 = j37

j3 = 07

kS = j3 - 17
.73 € Vl )
k3 =713,

J3 =0,

k3 = j37

j3 = 07

k3 = j3 + 15
j3 € VY()N717
k3 :j3)

j3 € ‘/bN7
k:3 :j37

J3 € VYONv
k3 :j3)

j3 € ‘/bN7
k3 :j37

js e Vi,
k3 :j37

j3 € VYONv
k3 :j?n

js e Vi,
k3 :j37

js € VY,
k3 :j37

j3 € ‘/()Nv
k3 :j37

js e Vi,

k4 = j47

j4 = 07

k4 = j47

ja € VM,

ky = ja,

j4 € VE]Mv

k4 = j47

.j4 c ‘/OM7

ky = js—1,
j4 € V1M7

kg = ja,

j4 € VlMa

k4 :j47

ja € VM,
k4 :j47

j4 € VYOMv
k4 = j4 + 1>
j4 € VE)Mila
k4 :j47

j4 € VYOMv
ky=js—1,
ja € VM,
k4 == j4 - 17
j4 € VY1M7
k4 :j47
Ja=0,

k4 :j47

ja € VY,
k4 == j4 - 17
j4 € VY1M7
k4 :j47

ja € VM,
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UE

ra,

(1 - T)O‘7

—(0j,NA F X2+

+ja0 + adjy5),

—(5]'31\7)\1 + SjSMAQ + 5
2 +N6jy3 + djya),

0,

( )\17

Q, = o
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k1 = j1,

jl :O,

kl :jla

jl :Oa

kl :jla

jl 207

k1 = j1,

jl :()7

kl :jla

jl :()7

k1 = j1,

jl :0)

kl :jla

jl :O’

otherwise.
ky =71, ka=1,
jl S ‘/1S7 j2 - 07
k1 =j1, k2= jo,
Jj1eVE, joe Vi
ky =71, ke=2,

jl 6‘/157 j2:57

k1 = 71,
j1eVY, ja=0,

k1= g1, k2 = jo,
j1eVY, jae V4
k1 =j1, k2= 7o,
neVy, ja=5,

k? — 47 k3 == j37 k4 = j47
je=3, jzeVy', jaeV,
ko =3, ks=7j3, ki=7a,
jo=4, jseVy, jaeViM,
k2 = 07 k3 = j37 k4 = J4,
ja=5, jseV{, ja=0,
k2:37 k3:j37 k4:j4_17
j2 = 57 j3 € VY()Na j4 S V1M7
k2 — 07 k3 = j37 k:4 = j47
j2 57 j3 S VbNa j4 c ‘/]_M7
ko =jo, k3 =j3, ki=7a,
j2 = 0357 j3 € VYONa j4 € ‘/E)M)
ko = jo, k3 =173, ki=ja,
j2 = 3747 j3 € ‘/()Na j4 € VE)M7
k3 = j3, k4 = ja,

J3 = 07 Ja € ‘/0 )

ks =j3+1, ki=ja,

.j3 c ‘/E)N_la j4 € VE)M7

k3 = j3, k4 = ja,

J3 07 Ja € ‘/0 )

k3 = j3, k4 = ja,

J3 = Oa Ja € VE) )
k3:j37 k4:j4+]-7

j3 € ‘/ON7 j4 € ‘/()M_l)

k3 = j3, ks =js+1,

js =0, jae V',
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Jab, k1= ]17 ke =3, kz=js, ky=js—1,
J1eVS, jo=0, j3=0, ja € VM,
kl :jlv k2:45 k3:j3a k4:j4717
.jl € ‘/157 .j2 = 57 j3 = 07 j4 € V1M7

U] k1 = 31, ko =2, ks=js, ky = ja,

eV, ja=1, j3eVd, jieVM,

k1 =71, ke=4, k3=ja, k4 = ja,
G EVE, ja=3, jseVy, eV,
Ha, ki1 =71, ko=0, k3=j3, ks = ja,
j1eVy, ja=3, j3=0, Jja =0,
ki =71, ke=1, k3=j3—1, kq=ja,
neVE, j2=3, jseVd, eV,
ki = J17 ko =5, k3= js, ks = ja,
]le‘/la j2:47 j3:0> j4€VE)M7

ki1 =71, ke=2, ks=j3—1, ki=ja,
neVE, ja=4, jseV{, eV,

(1 —=r)pe, ki = J17 ko =0, k3= js, k4 = ja,
j1eVy, j2a=3, j3=0, ja€ VM,
T2, Ky —le ko = ja, k3= js, ky=js—1,
]16‘/1 ) 32:37 j3:07 j4€V1M7
Q, ki=71, ke=1, ks=7js, k4 = ja,

1
G eVY, =2 jseV{d, e VM,

k1—]1, ke =3, k3=js, k4 = ja,
]16‘/1’ j2:47 j3€‘/()Na j4€%M7

kl = jl, k;Z — 07 k3 = j3a k4 = j4’

.jl e‘/lsu j2:57 j3:O7 j4:07
1-r)a, k= 31, ko =0, ks=js, ky = ja,

A EVY, j2=5, j3=0, ja € VM,
ra, ki =j1, ke=3, k3=js, ky=js—1,

jLEVE, ja=5, Jj3=0, ji € VM,
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3.1 Steady-state Analysis

(—(M1 + A2+ 0 k1 = j1, ko = ja,
+ja0 + adjy5), AeEVY,  j2=0,5,
— (8N + jm A2 + 6B k1 = ji, ko = jo,
+lu1 + a6j21 + n5j22)7 jl € Vls7 jQ = 1727
—(8j,NAL + i A2 + 6B k1 = ji, ko = jo,
+p2 + adja +ndjy3), eV, ja=34,
0, otherwise.

k3 = js,
j3 = 07

kS = j37
js € V{,
k3 :j37
js € V{,

ks = ja,
j4 € ‘/OMv

k4 = ja,
j4 € VE)Mv

k4 :j47
ja € VM,

We can observed from the formation of I' that the time homogeneous Markov process y(t) on the state
space A is irreducible, aperiodic and persistent non-null. Hence the limiting distribution

gUnizisis) = tlggo Priyi(t) = j1,y2(t) = j2, y3(t) = J3,ya(t) = 74|y1(0),42(0), y3(0), y4(0)]

exists and is independent of the initial state, that is,

(20132:33:0) .o g (d208.M)) G = 0; Gy = 0,3,4,5; j3 € ViV

xUtdzids)  — (:U(jhjz,j:s,o) - ’$(j17j2aj37M))7 g1 € VIS; jo=0,5; j3=0;
(a;(j1,j27j370) . 7$(j17j2,j3,M))7 ji1 € V15? jo € V14; js € VON;

(x(jlyjmo))’ Jj1 € V1S§ J2 = 0,5;

X(jlajZ) e ($(j17j270) e 7$(j17j27N)); jl == 0, j2 = 07 37 47 5’
(@00320) ... gGLizN)). G e VS gy e Vi

(x(jlvo) e ’x(j175))

9

X(jl) _ {($(j1’0),x(j1’3),x(j1’4),$(j1’5))’

satisfies

XI' =0 and

Z Z Z Z ¢(j1,j27j3,j4) -1

(J1.J2.38:74)
From (1), we can get the following set of equations:

X(Jl QO + X(j1+1)A1 — 07 jl = O’

AQ :07 j1:Q7

)

X(jl)Ql + X(j1+1)A2 = 0, ]1 = 1, 27 e
)
)

J1 =0
J1 €V

’57

1 QQ+X(J1+1)A2 = s ]1 :S—i—l?..,Q_l,

)
X(jl_Q)\I] + X(jl)QQ + X(j1+1)A2 = 0, jl = Q + 1, ..,S — 1,
)

Q =0, j1 =5,
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After extensive computational work, the above equations, (except (x)), yield

x0) = x@a, | 51 =0,1,...,85

where
[ (1)@ (20, )" T 2071 (81951, 1 =0,
( 1)Q n (A2Q 1)(Q_(8+1))(AQQI1)((S+1)_j1)7 jl = 172, ey S,
(=)@ (A )(Q*jl), jil=s+1,s+2,...,Q—1,
(I)jl = I, jl — Q;
S—j ' '
1( 1)2Q+ Jl)(A2Q 1)(S+s=( 1+z+1))(AQQ#)(JH)(\PQQ_U’
=0
h1=Q+1,Q+2,...,8,

x(Q) can be obtained by solving equation (x) and Xe =1.

That is,

X(Q) ((_1)Q(AQQQ_1)(Q_(S+1))(AQQl_l)S(Algo_l)‘lll 4 QQ+

s—1
D (1)9(A0; 1)U >(A2911)(j+1)(\11921)A2) -0,

=0
and
x(Q [(=1)2(220;H) Q7T A0 (A0, )+
Q i A Q )( (5+1))(A291—1)((5+1)_i)
z:l

Q-1 )
+ 3 (1)@ ) QT 4 1t

S S—i
Z ( (_1)(2Q+1—i) (AZQEI)(S-l-s—(i—i-j—&-l))(A2Q;1)(j+1)(\PQ51) e—1.

4 System performance measures

The following system performance measures are derived to find the values of expected total cost.

4.1 Mean Inventory Level (M)
S 4 N M
Z 2]1 [ (71,0.04a) 4 (31,50 ] + 3330 jralndziean
J1=154=0 J1=1j2=173=074=0

4.2 Mean Reorder Rate (Mg)

2

N M
Mp o= Y 30N pualettadsio

J2=173=0js=0
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4.3 Mean Number of HPC in the Queue (Myp)

5 N M S 4 N M
M = 3.3 Y s [x(0,0,js,jz;) +x<j1,j2,j3,j4)} + 3330 jpalidedsin

Jj2=3j3=174=0 J1=1j2=1j3=1j4=0

4.4 Mean Number of LPC in the Orbit (M.po)

5 N M S 4 N M
Mipo = >3 > i [w(o,o,ja,m +$(j1,j27j3,j4)} + 333 S uatndzsan
J2=3j3=0j4=1 J1=1j2=133=0j4=1
5 M
+3 5 {x(jho,&m 4 m(jh5,0,j4)}
J1=1js=1
4.5 Mean Interruption Rate (M;gr)
s
Mg = Z Z e (0.3.73,41) 4 Z Z Z n [ (41,1,53,74) —{—x(]1’3’33”4)}
J3=074=0 J1=173=0j4=0
4.6 Mean Repair Rate (Mgg)
S
Mpr = Z Z Z a(0:2:73:34) | Z Z azd1:5:0,41) Z Z Z O[[ (41,2.73,44) +x(]1,4js,y4)]
J2=473=0j4=0 J1=174=0 71=173=034=0

4.7 Mean Number of HPC lost (Mypy)
5 M S 4 M
Mypr = Z Z Al {x(0,0,N,jz;) —i-l‘ 0,52, 734)} + Z Z Z )\lx(h,yz, ,J4)
Jj2=374=0 J1=1j2=1js=0
4.8 Mean Number of LPC lost (Mypc)
4 N S 4 N
Mipe = Z Z Azx(o,jz,js,M) + Z Z Z /\2x(j1,j27j37M)
J2=373=0 Jj1=1j2=1753=0

4.9 Expected total cost

Here different costs are defined as

ch = The inventory carrying cost per unit item per unit time.

Cs = Setup cost per order.

C; = Interruption rate per unit per unit time.

Cr = Repair rate per unit per unit time.

Cwh = Waiting time cost of a HP customer per unit per unit time.
Cuwl = Waiting time cost of a LP customer per unit per unit time.
Clh = Cost due to loss of HP customers per unit per unit time.
an = Cost due to loss of LP customers per unit per unit time.

We introduce a cost function, defined as the expected total cost (TC) of the system, is given by
TC(S,s,N,M) = cpnr + csnr + cpnp + ca1 E[W] + cso E[F] + cunra + canra.
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