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Abstract: The unique solvability of the KD problem for an equation of the elliptic type with two lines of degeneration is
proved. The unigqueness of the solution to the KD problem is proved using the extremum principle for elliptic equations, and the
existence of the method of contraction mappings.

INTRODUCTION

The research of quasilinear equations of elliptic, hyperbolic and mixed types are important not only theoretically and but
also practically. Boundary problems for such equations with one line of degeneracy were studied in [1,2]. However, boundary value
problems for equations with two lines of degeneracy are relatively unknown. We note the work [3,4]. The research is devoted to the
study of the boundary problem for a quasilinear equation of elliptic type with two lines of degeneracy.

A FAMILY OF OPERATOR MATRICES AND MAIN RESULTS

Consider the equation

Y™ Uy tx™Uyy, = f(x,¥,u), m = const > 0. Q)

Let Q be a finite simply connected region bounded by a smooth curve owhich ends at points A(1,0), B(0,1) and segments
OA:y =0 of the axis and OB: x = 0.

We introduce the notation

P={(x,y)(x,y) € Q, —o0 < u < +oo},

L={(xy):0<x<1y=0}, L={(y) :0<y<1, x=0}

2p=m+ 2,2 = m/(m + 2).

Further, with respect to the curve o, we assume that:

1) let the parametric equations of the curve ¢ be X =x (), y =y (3);

2) the functions x(s) and y(s) have continuous derivatives x'(s) and y'(s) on the interval [0, I], which do not vanish
simultaneously, the derivatives x"(s) and y"(s) satisfy the Holder condition of order Lo (0 <Ao<1) on [0, I], where | is the length of
the arc calculated from point A (1,0);

3) in a neighborhood points A(1,0) and B(0,1), the following conditions are true

m
Z—:| < consty™*1(s), yz Z—ﬂ < constx™*1(s),
moreoverx(1) = y(0) =1, x(0) =y(1) = 1.

Definition: By the regular solution of equation (1) in the domain Q we mean the function u(x,y) € C(Q) N C*(QuU o) N
C?(D), satisfying equation (1) in Q having a bounded second derivative in 6, except for the points O(0,0) and A(1,0), B (0,1) at
which they can go to infinity of order less than unity and 4,, respectively, where 4, is enough a small positive number and 0 < 4; <
A, tae A where A is given throughout the paper.

Problem KD. Find a function u(x, y) from the class C(Q) n C'(Q U o) n C%(D), satisfying the following boundary
conditions:

m
X2

Alu]ly = @(s),0 <s <, 2
u(x,y)oa =Y (x),x €1, 3)
u(x, Yo =9,y €I, (4)

where@(s), w(x), g(y) are given sufficiently smooth functions, and y (0) = g (0),

_ mdyou _ pdxdu
As [u] =y ds dx ds 0y’
We assume that the right-hand side of equation (1) satisfies the condition

f(x,y,u) = (xy)mfl(x'ylu)! (5)
where the function f; (X, y, u) is continuous and has continuous first-order derivatives with respect to all arguments in P and o
vanishes on the order 1 + X, where X is a sufficiently small number (which was introduced at the beginning of the article) and

© JGRMA 2012, All Rights Reserved 35



Haydar Rasulov , Journal of Global Research in Mathematical Archives, 35-38

mF?X{|f1 |, |fiul} < const.

We note that boundary problems for quasilinear equations of elliptic and mixed types with one line of degeneracy were
studied in [1,2].

Theorem. If condition (5) is satisfied and £, (x,y,u) = 0 in P, then the KD problem for equation (1) cannot have more
than one solution.

Proof. Let exist two the solution u, (x, y) u u,(x,y). Then their difference v(x,y) = u,(x,y) — u,(x,y) will satisfy the
equation:

ymvxx'l'xmvyy = f(x' bz ul) = flxyuz) (6)
with homogeneous boundary conditions

Afull, =0, 0<s <, (7)

ux y)loa =0, x €13, (8)

u(x,y)log =0,y € I. )

From condition (5), the right-hand side of equation (6) can be written as

fOoyu) — flxy,ur) = fuv, (10)

where

1
fu= f flx,y tuy, + (1 —tv)dt.

Then, by (10), equation (6) takes the form
Y Ve +x™v,, — fv = 0.
Since f, = 0, it follows from the extremum principle for elliptic equations that v(x,y) is a positive maximum and a
negative minimum takes on cUOAUOB. From this, taking into account (7) - (9), we obtain v(x,y) = 0, which means u,(x,y) =

uz (%, y).
We turn to the proof of the existence of a solution to the problem KD.
The solution of the KD problem for equation (1) in the domain Q with boundary conditions (2) - (4) by the known method

[5] is equivalently reduced to the integro-differential equation:
1 1 l

d
u(x,y) = f PO 5 g (e, 05, y)de + f g3 (0,2 %, y)dt + f 0 ()i (E(S),n(s); %, y)ds +
0 0 0

+ ff GiE %y ) (6, wdndé, an
Q

where
9:& 5 x,y) = Goa&mx,y) + Hy (&, 113 x,y),

Hi(E 5%, ) = f 1553 € AL [Gos (115 %, ¥)1ds,
0

here u;(s; &, n)—solution of integralequation
l

(s En) + 2 f K; (5, D (6 €, )t = —2q4(£,(5), 1, (5); €.1)

0
Ki(s,6) = Af [a. (80,0 2(),5(9))],
where go4(&,7; x, ) is the Greena function of the Dirichlet problem for equation (1) withf(x,y,u) = 0 in the normal domain QJ,
where the domain Q is bounded by the normal curves,: x?? + y?? = 1 and has the form:

1\2F o
904§ x,y) = @€, %, y) — (g) 9. %3) (12)
R2 = 1 2p 1 2p D — P P — p
o—p—zx +p—2y X ‘E_g"’ y —R—SY

where q, (¢, z; x,y) - fundamental solution to the equation (1) [6,7,8].
0. %,y) = 1, (r)*P 2 xx0yyo F, (28 — 21— B, 1= B,2 = 2B;2 = 2B; 01, 05),
1 (2)2‘23 r’(1-p)

““um\n)  Te2-28) 2 2
r? —r? r? — 1} m 1 1 1 1
= rz2 ' %2 = r2 '’ 2ﬁ:m+2' ﬂ:(;x”—;xé’) +<5yp—5yg’) ’
1 1 .\ /1 1 _\2 r2
Losba) o (3] - [
(p p° p? TpP r$

F,(2B—21—-p8,1—-,2—-2B;2 — 2B; 0,,0,) — two variable hypergeometric function.
Let o coincide with the normal curve g,:y??+x2? = 1. Without loss of generality, we can assume that ¢ (s) = P(x) =
g(y) = 0. Then equation (11) has the form:
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uGoy) = = [ goat6nixy I €0, (13)

Q
For the Greena's function (12), we have the estimates

(1 + |Inoy0,])
904 (& 2,y < C—— 57—

()R (14)

where
2

1 1 1 _1 r2
D 4P P - _ 1
<px ipxo) +(py +py°) {rzz'
C = const, dependent on known parameters.
Solutions of equation (5) will be sought by the method of successive approximations. For the zeroth approximation, we
take uq(x,y) = 0.
Then if the nth approximation is defined, then we find the (n + 1) - approximation by the formula

2

U1 (6, y) == — f Goa (613 %9 Y (61 un (&, ) dndé (15)

Q
wheren = 0,1,2,3 ...
Lemma. If condition (5) is satisfied, then
20 60N, C\"
ue(5s2)
m+ 2 m+ 2
where,n = 0,1,2,3..., M = max| f(x,v,0),| N, = max|fiy |-
Proof. Let n = 0. By conditions (5) and (14), from (15) we obtain

|un+1 - unl <

(16)

g — wo| < ff Goa (6,150, ) (6,1, 0) dndg| < MC ff \inoy0,] (r2r2)F (&, )™ dndg
Q Q

< 20 MC 17
Tm+2 a7

Let n = 1. Then, by condition (5), taking into account (14) and (17), from (15) we obtain

i — ] < f f Gos 6,170,y ) fru ity — 16) (&, )™ dndl€]| <
Q

60

M, f f Gos (6,13 2,y Y (E, ) dnd€]| <
Q

20 | 60N;C
m+ 2 m+2

Using the induction method, we obtain

|un+1 - unl <

20 60N, C\"
< ) ,h=23..

m+ 2 m+ 2
The Lemma is proved.

From (16) it follows that the series
U + Z(un - un—l)
n=1

N, < (m + 2)/(60C).

uniformly and absolutely converge in Q, if

Therefore, the limit:
u(x,y) = lim u,(x,y)
n—oo
satisfies equation (13), moreover the boundary conditions
Agull, =0, 0<s <,
u(XlY)|OA = O' x € 11'

u(XlY)|OB = O,y € 12'
That was required to prove.
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